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We study the origin of the abelian dominance in the maximally abelian
(MA) gauge for the long-distance physics in terms of the interaction
range mediated by gluons. In the MA gauge, diagonal gluon compo-
nents behave as neutral gauge fields like photons, and off-diagonal
gluon components behave as charged matter fields on the residual
abelian gauge symmetry. We study the gluon propagator in the MA
gauge with the U(1)3 Landau gauge fixing using the SU(2) lattice QCD
with 2.2  β  2.4 and 123  24. We find the abelian dominance for
the gluon propagator in the MA gauge in the infrared region. The
off-diagonal charged gluon behaves as a massive vector boson with the
effective mass Mch ’ 0.94 GeV in the region of r > 0.2 fm. The ori-
gin of the infrared abelian dominance is physically explained as the
generation of the charged gluon mass Mch induced by the MA gauge
fixing, and the charged-gluon mass generation predicts general abelian
dominances for the long-distance physics in QCD in the MA gauge.
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1 Introduction
The quark-connement mechanism is one of the most important subjects in the hadron
physics. Phenomenologically, the quark connement is characterized by the linear inter-
quark potential V (r)  σr with the hadronic string tension σ ’ 1GeV/fm, which is
obtained from the Regge trajectories [1] of hadrons and also from the lattice QCD
simulation [2]. The conning force arises from the one-dimensional squeezing of the
gluonic flux between the quark and the anti-quark, which is actually observed in the
lattice QCD simulation [3].
As for the quark-connement mechanism, the dual-superconductor picture was
rstly proposed by Nambu [4] in 1974 using the concept of the electro-magnetic duality
[5] in the Maxwell equation and the analogy with the one-dimensional squeezing of
the magnetic flux as the Abrikosov vortex in the type-II superconductor [6]. In the
dual-superconductor picture, color-magnetic monopoles are assumed to be condensed
in QCD, and therefore the color-electric flux between the quark and the antiquark is
squeezed as the one-dimensional tube due to the dual Higgs mechanism [4,7,8].
The possibility of the appearance of monopoles in the QCD vacuum was pointed
out by ’t Hooft in 1981 [9] using the concept of the abelian gauge xing, a partial gauge
xing remaining the abelian gauge degrees of freedom on U(1)Nc−1  SU(Nc). The
abelian gauge xing is dened by the diagonalization of a gauge-dependent variable
as [Aµ(x)] in QCD, and reduces QCD into an abelian gauge theory. In the abelian
gauge, the diagonal gluon components behave as neutral gauge elds like photons, and
o-diagonal gluon components behave as charged matter elds on the residual abelian
gauge symmetry [9,10]. Hence, in the abelian gauge, the diagonal gluon component still
carries the interaction between quarks as the gauge eld, while the o-diagonal gluon
component is no more the gauge eld and may not mediate the interaction [10,11].
As a remarkable feature in the abelian gauge, color-magnetic monopoles appear as the
topological objects relating to the nontrivial homotopy group, 2(SU(Nc)/U(1)
Nc−1) =
ZNc−11 [9,10,12]. Then, the quark-connement mechanism can be physically interpreted
by the dual Meissner eect in the abelian dual-Higgs theory [10,11,13-15] under the two
2
assumptions of the abelian dominance [9,10,14,16] and monopole condensation [17-19]
in the abelian gauge.
The abelian dominance rstly named by Ezawa and Iwazaki in 1982 [16] means
that only the diagonal gluon plays the dominant role for the nonperturbative QCD
(NP-QCD) phenomena like the connement. In other words, the abelian dominance
means that o-diagonal gluons can be neglected for NP-QCD. In ’90’s, using the
lattice QCD Monte-Carlo simulation, two remarkable abelian dominances for quark
connement [18,20-22]and chiral symmetry breaking [23,24] were actually observed in
the maximally abelian (MA) gauge [18,20-26] which is a special abelian gauge.
However, the physical reason of these abelian dominances observed as the lattice-
QCD phenomena in the MA gauge is still unclear. Accordingly, there is no criterion
on the physical quantities for which abelian dominance holds. For instance, no one
knows whether the abelian dominance holds for all the NP-QCD phenomena or it does
only for connement and chiral symmetry breaking. In this paper, we study the gluon
propagator in the MA gauge considering the physical origin of the abelian dominance
in terms of the interaction range mediated by gluons, and clarify the criterion on the
abelian dominance [18,27].
2 Infrared Abelian Dominance and Mass-Generation Hypothesis on Charged
Gluons in the MA Gauge
The abelian dominances for connement and chiral-symmetry breaking in the MA
gauge are the remarkable phenomena observed in the lattice QCD Monte-Carlo simu-
lations [18,20-24] In the MA gauge, the only diagonal gluon component seems to aect
the infrared physics, which we call the \infrared abelian dominance" in this paper. In
this section, we consider the physical origin of the infrared abelian dominance in the
MA gauge in the SU(2) QCD.
As a possible physical interpretation for the infrared abelian dominance, we con-
jecture that the eective mass of the o-diagonal (charged) gluon Aµ  1p2(A1µ  iA2µ)
is induced in the MA gauge. If Aµ acquires the eective mass Mch, the charged gluon
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propagation is limited within the short range as r < M
−1
ch , since the massive particle
propagates within the inverse of its mass.
Now, we express this mass-generation hypothesis on charged gluons in terms of








where FP[Aµ] denotes the Faddeev-Popov determinant [28]. Here, 

MA[Aµ] denotes
the o-diagonal component of
MA[Aµ]  [D^µ, [D^µ, τ 3]], (2.2)
which is diagonalized in the MA gauge [12,18,22] (See Sect.4), and therefore the MA
gauge xing is provided by δ(MA[Aµ]). The mass-generation hypothesis of charged













































µ] is the eective action of the diagonal gluon component, and F [Aµ] is a






at least in the infrared region.
Since the eective mass Mch is closely related to the charged-gluon propagation,
we study the gluon propagator in the MA gauge in terms of the interaction range
using the lattice QCD Monte-Carlo simulation. In the following sections, we aim to
estimate the eective mass of the charged gluon from the numerical result of the gluon
propagator in the MA gauge [18,27], and clarify the physical origin of the infrared
abelian dominance.
3 Massive Vector Boson Propagator
In this section, we investigate the propagator of the massive vector boson in the Eu-
clidean metric for the preparation of the analysis on the eective gluon mass in the MA
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gauge in the Euclidean lattice QCD. We start from the Lagrangian of the free massive
vector boson with mass M in the Proca formalism [29],
L = 1
4
(∂µAν − ∂νAµ)2 + 1
2
M2AµAµ, (3.1)
in the Euclidean metric. For the massive case of M 6= 0, the propagator ~Gµν(k; M) of
the massive vector boson is derived as








in the momentum representation [30]. The propagator Gµν(x; M) in the coordinate
space is obtained by performing the Fourier transformation as


















Since Gµµ(r; M) depends only on the four-dimensional distance r  (xµxµ) 12 , it
is convenient to examine the scalar-type propagator,


































for the study of the interaction range. To carry out the calculation of Gµµ(r; M), we
take xµ = (r, 0, 0, 0) without loss of generality, and then the integration in Eq.(3.4) is




































































t2 − 1 (Rz > 0). (3.6)
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is applicable for large Mr, and Eq.(3.7) reduces to











where the Yukawa-type damping factor e−Mr expresses the short-range interaction in
the coordinate space. Then, the mass M of the vector eld Aµ(x) is estimated from











 ’ −Mr + const. . (3.9)
This relation in Eq.(3.9) is almost valid for Mr > 1 [31] from the numerical calculation.

















in the momentum representation [30]. The scalar-type propagator Gµµ(x) in the coor-
dinate space is written as





which exhibits the Coulomb-type interaction in the four-dimensional coordinate space.







4 Maximally Abelian Gauge Fixing
In this section, we investigate the maximally abelian (MA) gauge, which is the most suc-
cessful abelian gauge for the dual-superconductor picture [18,20-26]. In the Euclidean














by the SU(Nc) gauge transformation [12,18,22,34]. Here, we have used the Cartan
decomposition, Aµ(x)  ~Aµ(x)  ~H + ∑N2c−Ncα=1 Aαµ(x)Eα and the covariant derivative
operator D^µ  ∂^µ + ieAµ. In the MA gauge, o-diagonal gluon components are forced
to be as small as possible, and then the gluon eld Aµ(x) mostly approaches to the
abelian gauge eld ~Aµ(x)  ~H [22].
To derive the local gauge-xing condition in the MA gauge, we consider the
variation of Ro under the SU(Nc) gauge transformation by Ω(x) 2 SU(Nc). Since
the covariant derivative operator D^µ  ∂^µ + ieAµ obeys the adjoint transformation
D^µ ! ΩD^µΩy, it is convenient to describe Ro with D^µ like Eq.(4.1), for the argument
of the gauge transformation property of Ro . In fact, Ro is simply gauge-transformed
as












y ~HΩ][D^µ, Ωy ~HΩ]y
}
, (4.2)






y}+ 2i ∫ d4xtr {[D^µ, [ ~H, ε]][D^µ, ~H]}




ε[ ~H, [D^µ, [D^µ, ~H]]]
}
(4.3)
for the innitesimal gauge transformation Ω(x)  eiε(x) ’ 1+ iε(x) with ε(x) 2 su(Nc).
Here, we have used Ωy ~HΩ ’ ~H + i[ ~H, ε]. From the extremum condition δRo 
Ro − RΩo = 0 for the arbitrary innitesimal variation ε(x) 2 su(Nc), we derive the
local gauge-xing condition in the MA gauge as






Aµ = 0 in the SU(2) QCD. In the MA gauge, the SU(Nc)-
gauge symmetry is reduced into the U(1)Nc−1-gauge symmetry with the global Weyl
symmetry [18,22,32,33], and the diagonal gluon component ~Aµ behaves as the gauge
eld and the o-diagonal gluon component Aαµ behaves as the charged matter eld in
terms of the residual U(1)Nc−1 abelian gauge symmetry. In the SU(2) QCD, the local
variable MA[Aµ(x)]  [D^µ, [D^µ, τ 3]] is diagonalized in the MA gauge.




g 2 SU(2) with the lattice spacing a and the QCD gauge coupling













using the SU(2) gauge transformation. In the continuum limit a ! 0, maximizing Rdiag
leads to minimizing Ro in Eq.(4.1). Also in the lattice formalism, the MA gauge xing
is a partial gauge xing on the coset space SU(2)local/(U(1)local3  Weylglobal), and there
remain the U(1)3-gauge symmetry and the global Weyl symmetry. According to the
partial gauge xing on SU(2)/U(1)3, it is convenient to use the Cartan decomposition
for the SU(2) link-variable as Uµ(s)  Mµ(s)uµ(s) with uµ(s)  eiθ3µ(s)τ3 2 U(1)3 and
Mµ(s)  eifθ1µ(s)τ1+θ2µ(s)τ2g 2 SU(2)/U(1)3. Here, the abelian link variable uµ(s), which
is suggested to play the relevant role for connement [18,20-22] in the MA gauge, obeys
the residual U(1)3-gauge transformation,
uµ(s) ! ω(s)uµ(s)ωy(s + µ), (4.6)
with the gauge function ω(s) 2 U(1)3.
For the study of the gluon propagator hAaµ(x)Abν(y)i (a, b = 1, 2, 3) in the MA
gauge, the gluon eld Aaµ(x) itself is to be dened as the dynamical variable by removing
the residual U(1)3-gauge degrees of freedom. In order to extract the most continuous
gluon conguration under the constraint of the MA gauge xing, we take the U(1)3
Landau gauge for the U(1)3-gauge degrees of freedom remaining in the MA gauge. The
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using the U(1)3-gauge transformation (4.6) [18,27,34-36]. The maximizing condition
for RU(1)L leads to the Landau gauge condition ∂µA
3
µ = 0 in the continuum limit. By
taking the U(1)3 Landau gauge, all of the abelian link variable uµ(s) mostly approach
to unity, and the most continuous gluon conguration is realized under the MA gauge
xing condition. This enables the lattice QCD to be compared with the continuum
QCD.
5 Gluon Propagators in the MA gauge in the Lattice QCD
5.1 Formalism for Gluon Propagators
In this section, we consider the derivation of the gluon propagator from the link variable
Uµ(s) in the MA gauge with the U(1)3-Landau gauge xing. To begin with, we extract
the gluon eld Aaµ(s) (a = 1, 2, 3) from the link variable Uµ(s) obtained in the lattice







(a = 1, 2, 3) (5.1)
with the lattice spacing a and the gauge coupling constant e. Then, the gluon eld

















by parameterizing Uµ(s) as Uµ  U0µ + iτaUaµ (U0µ, Uaµ 2 R; a = 1, 2, 3) , which satises
the unitarity condition, (U0µ)
2 +(Uaµ)
2 = 1. The gluon eld Aµ(s) is thus obtained from
the link variable Uµ(s) generated in the lattice QCD Monte Carlo simulation.
Next, we calculate the scalar-type propagator Gµµ(r) as the function of the four-
dimensional distance r 
√
(xµ − yµ)2 in the MA gauge with the U(1)3-Landau gauge.
In this gauge, Uµ(s) is determined without the ambiguity on local gauge transformation.
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Here, we study the scalar-type propagator of the diagonal (neutral) gluon as
GAbelµµ (r)  hA3µ(x)A3µ(y)i, (5.3)
and that of the o-diagonal (charged) gluon as



















, disappears automatically due to the symmetry
hA1µ(x)A2µ(y)i = hA2µ(x)A1µ(y)i.
Finally in this subsection, we comment on the Weyl symmetry and ‘non-triviality’
on GAbelµµ (r) and G
ch
µµ(r). In the MA gauge with the U(1)3 Landau gauge xing, there
only remains the global Weyl symmetry [18,22,32,33], and all the vacuum expectation
value of the Weyl-odd quantity like hA3µ(x)i becomes zero. In terms of the Weyl sym-
metry, both GAbelµµ (r) and G
ch
µµ(r) are invariant under the global Weyl transformation,
and therefore they takes non-zero values.
5.2 Numerical Lattice QCD Results
Using the SU(2) lattice QCD, we calculate the gluon propagator in the MA gauge with
the U(1)3 Landau gauge xing. The Monte Carlo simulation is performed with the heat-
bath algorithm on the SU(2) lattice with R3T = 12324 and β = 2.2 (0.05) 2.4. The
scalar-type propagators GAbelµµ (r) and G
ch
µµ(r) are measured as the two point functions of
the gluon elds on (~x, 0) and (~x, r) using Eq.(5.3) and (5.4). The conguration number
used is more than one hundred. The physical scale unit is settled so as to reproduce
the string tension as σ = 0.89 GeV/fm ’ (420 MeV)2.
As shown in Fig.1, the diagonal-gluon propagator GAbelµµ (r) and the charged-gluon
propagator Gchµµ(r) manifestly dier in the MA gauge. The o-diagonal (charged)
gluon Aµ seems to propagate only within the short range as r
<
 0.4 fm, while the
diagonal gluon A3µ propagates over the long distance. Thus, we nd the ‘infrared
abelian dominance’ for the gluon propagator in the MA gauge.
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Now, let us examine the hypothesis on the mass generation of charged gluons in
the MA gauge. To this end, we investigate the logarithm plot of r3/2Gchµµ(r) as the
function of r, since the massive vector boson with the mass M behaves like Gµµ(r) 
exp(−Mr)
r3/2
as shown in (3.8). In Fig.2, the charged gluon correlation lnfr3/2Gchµµ(r)g
decreases linearly in the region of 0.2 < r
<
 1 fm. Hence, G
ch






in the MA gauge. From the slope of the straight line in Fig.2, we can estimate the
eective mass Mch of the charged gluon as
Mch ’ 4.7 fm−1 ’ 0.94 GeV. (5.6)
This charged-gluon eective mass Mch is considered to be induced by the MA gauge
xing. Due to the eective mass Mch ’ 1 GeV, the charged gluon propagation is
restricted within about M−1ch ’ 0.2 fm. Then, in the infrared region as r  0.2 fm, the
charged gluons Aµ cannot contribute, and only the diagonal gluon A
3
µ can contribute
to the long-range physics in the MA gauge. In conclusion, the eective-mass generation
of the charged gluon in the MA gauge is considered as the physical origin of the abelian
dominance in the infrared region.
6 Summary and Concluding Remarks
In this paper, we have studied the gluon propagator in the MA gauge with the U(1)3
Landau gauge xing using the SU(2) lattice QCD with 2.2  β  2.4 and 123  24.
We have found the abelian dominance for the gluon propagator in the MA gauge
in the infrared region as r > 0.4 fm. In the MA gauge, the o-diagonal (charged)
gluon behaves as a massive vector boson with the eective mass Mch ’ 0.94 GeV for
r > 0.2 fm, and its contribution becomes negligible at the long distance as r  M−1ch .
Then, the origin of the infrared abelian dominance has been physically explained as
the generation of the charged gluon mass Mch induced by the MA gauge xing. As an
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important prediction, this charged-gluon mass generation provides the general abelian
dominances for the long-distance physics in QCD in the MA gauge.
As for the diagonal-gluon propagator GAbelµµ (r), it seems to behave as a light or
massless particle. However, for the detailed argument on GAbelµµ (r), one should consider
the Gribov-copy problem [36] and the nite size eect more carefully, because the
diagonal gluon may propagate over the long distance beyond the lattice size. On
the other hand, the charged-gluon propagation is limited within the short distance as
r < M
−1
ch ’ 0.2 fm, and hence the nite size eect for Gchµµ is expected to be small
enough, when the lattice size is taken to be much larger than M−1ch = 0.2 fm. Such
a tendency of the small nite-size eect on Gchµµ is checked using the lattice QCD
simulation with the various volume [31].
Finally, we mention about the criterion on the abelian dominance in terms of
the eective mass of the o-diagonal (charged) gluon as Mch ’ 0.94 GeV. In the MA
gauge, M−1ch ’ 0.2 fm is considered to be the critical scale on the abelian dominance.
For the short distance as r < M
−1
ch ’ 0.2 fm, the eect of charged gluons appears,
and hence all the gluon components have to be considered even in the MA gauge. On
the other hand, in the MA gauge, the charged gluon eects become negligible and the
system can be described only by the diagonal gluon component at the long distance as
r  M−1ch ’ 0.2 fm. Thus, the abelian dominance holds for the long-range physics as
r  M−1ch in QCD in the MA gauge.
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Figure Captions
Figure 1: The lattice QCD results for the scalar-type gluon propagators GAbelµµ (r)  hA3µ(x)A3µ(y)i and
Gchµµ(r)  hA+µ (x)A−µ (y)i as the function r 
√
(xµ − yµ)2 in the MA gauge with the U(1)3 Landau
gauge fixing in the physical unit. The diagonal-gluon propagator GAbelµµ (r) takes a large value even
at the long distance. On the other hand, the off-diagonal gluon propagator Gchµµ(r) rapidly decreases
and is negligible for r > 0.4 fm in comparison with GAbelµµ (r). The data plotted are obtained from the
SU(2) lattice QCD with 2.2  β  2.4 and 123  24.




2 Gchµµ(r) as the function of the
distance r in the MA gauge with the U(1)3 Landau gauge fixing. The charged gluon propagator
behaves as the Yukawa-type function Gchµµ(r)  exp(−Mchr)r3/2 for r > 0.2 fm. The effective mass Mch ’
0.94 GeV of the charged gluon is estimated from the slope of the dotted line. In this plot, Mch =









2 GAbelµµ (r), where M = Mch is taken for the comparison with the charged-gluon correlation. The
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